A multiphase deformation analysis of a river embankment was carried out using an air-soil-water coupledˆnite element method capable of considering unsaturated seepage ‰ow. A numerical model for unsaturated soil was constructed based on the mixture theory and an elasto-viscoplastic constitutive model. The theory used in the analysis is a generalization of Biot's two-phase mixture theory for saturated soil. An air-soil-water coupledˆnite element method was developed using the governing equations for three-phase soil based on the nonlinearˆnite deformation theory, i.e., the updated Lagrangian method. Two-dimensional numerical analyses of the river embankment under seepage conditions were conducted, and the deformation associated with the seepage ‰ow was studied. We have found that the occurrence of large deformations corresponds to the large values of the hydraulic gradients at the toe of the embankment, and that the over‰ow of river water makes the embankment more unstable. It has been conˆrmed that seepage-deformation coupled three-phase behavior can be simulated well with the proposed method.
INTRODUCTION
In recent years, many natural disasters have occurred throughout the world due to ‰oods associated with torrential rains, typhoons, and hurricanes. In many cases, river embankments have failed because of seepage and over‰ow. In our study, a multiphase deformation analysis of a river embankment was carried out using an airsoil-water coupledˆnite element method capable of taking the unsaturated seepage ‰ow into consideration. A numerical model for unsaturated soil was constructed based on the mixture theory and an elasto-viscoplastic constitutive model. As for the stress variables in the formulation of the unsaturated soil, we used the skeleton stress and suction simultaneously. Skeleton stress was used in the constitutive model instead of Terzaghi's eŠec-tive stress for saturated soil, and suction was incorporated through the constitutive parameters for the model. An air-soil-water coupledˆnite element method was developed using the governing equations for the three-phase soil based on the nonlinearˆnite deformation theory, i.e., the updated Lagrangian method. Two-dimensional numerical analyses of the river embankment under seepage conditions were conducted for the high river water level and the over‰ow, and the strain localization associated with the seepage ‰ow was studied. From the numerical methods, was found that seepage-deformation coupled behavior can be simulated well with the proposed method.
GOVERNING EQUATIONS

Partial Stress for the Mixture
The total stress tensor was assumed to be composed of three partial stress values for each phase. (1) where sij is the total stress tensor, and s Considering the volume fraction (e.g., Ehlers et al., 2004) , the partial stress tensors for unsaturated soil can be given by 
where p f and p a are the pore water pressure and the pore air pressure, respectively, n is the porosity, and S r is the degree of saturation, and s? ij is the skeleton stress and P F is the average pore pressure. The tension is positive in this case.
For the unsaturated soil, we used the skeleton stress (Oka et al., , 2008 Kimoto et al., 2010) as the basic stress variable in the model along with suction. The skeleton stress only apply to the soil skeleton and Eq. (4) comes from an analogy to the eŠective stress for the water saturated soil. By adding Eqs. (3)- (5), the total stress can be expressed as:
The skeleton stress wasˆrst advocated by Jommi (2000) as the average skeleton stress, deˆned as the diŠerence between the total stress and the average ‰uid pressure. Ehlers et al. (2004) called it eŠective stress. Adopting the skeleton stress provides a natural application of the mixture theory to unsaturated soil. The deˆ-nition in Eq. (6) is similar to Bishop's deˆnition for the eŠective stress of unsaturated soil. In addition to Eq. (6), the eŠect of suction on the constitutive model should always be taken into account. This assumption leads to a reasonable consideration of the collapse behavior of unsaturated soil, behavior that Bishop's deˆnition for the eŠective stress of unsaturated soil has fails to describe. Introducing suction into the model, however, makes it possible to formulate a model for unsaturated soil, starting from a model for saturated soil, by using the skeleton stress instead of the eŠective stress.
Mass Conservation Law
The mass conservation law for the three phases is given by
where šr J is the average density for the J phase and ·u J i is the velocity vector for the J phase.
where J＝s, f, and a in which super indices s, f, and a indicate the solid, the liquid, and the air phases, respectively, n is the porosity, and Sr is the saturation. r J is the mass bulk density of the solid, the liquid, and the gas.
Conservation Laws of Linear Momentum for the Three Phases
The conservation laws of linear momentum for the three phases are given by
where äu J i (J＝a, f, s) are the acceleration vectors for the three phases, bi is the body force vector, Qi denotes the interaction between the solid and the air phases, and Ri denotes the interaction between the solid and the liquid phases. These interaction terms, Qi and Ri, can be described as
where k f is the water permeability coe‹cient, k a is the air permeability coe‹cient, ·w f i is the average relative velocity vector of water with respect to the solid skeleton, and ·w a i is the average relative velocity vector of air to the solid skeleton.
The relative velocity vectors are deˆned by 
The behavior of soil in these cases is characterised by very little diŠerence between the accelerations of the soil skeleton and pore ‰uid. This assumption is reasonable except when dealing with the high frequency problem and very high permeability (e.g., Zienkiewicz et al., 1980) . For this reason we assume that äw f i ¥0, in this case, using Eqs. (2), (9) , and (14), Eq. (18) becomes
in which we assume that the spatial gradients of porosity and saturation are su‹ciently small. The same assumption is made in the following derivations of the governing equations. After manipulation, the average relative velocity vector of water to the solid skeleton and the average relative velocity vector of air to the solid skeleton are shown as: 
Continuity Equations for the Fluid Phase
Using the mass conservation law for the solid and the liquid phases, Eq. (7) (J＝s, f) and Eqs. (8) and (9), and assuming the incompressibility of soil particles, we obtain ( see APPENDIX I) 
Similarly, we can derive the continuity equation for the air phase by assuming that the spatial gradients of porosity and saturation are su‹ciently small.
Since saturation is a function of suction, i.e., the pressure head, the time rate for saturation is given by n _Sr＝n dSr du du dc dc dp ·p
where u＝Vw/V is the volumetric water content, p c is the
/gw is the pressure head for suction, and C＝du/dc is the speciˆc water content.
Constitutive Equations
In this study, the saturated elasto-viscoplastic model for the overstress-type of viscoplasticity with soil structure degradation proposed by Kimoto and Oka (2005) was extended to unsaturated soil using the skeleton stress and including the eŠect of suction. The collapse behavior of unsaturated soil is macroscopic evidence of the structural instability of the soil skeleton, and it is totally independent of the chosen stress variables (Oka et al., 2008) . In our new model, the collapse behavior is described by the shrinkage of the overconsolidated boundary surface, the static yield surface, and the viscoplastic surface due to the decrease in suction.
It is assumed that the strain rate tensor consists of elastic stretching tensor D The elastic stretching tensor is given by a generalized Hooke type of law, namely,
where Sij is the deviatoric stress tensor, s? m is the mean skeleton stress, G is the elastic shear modulus, e is the initial void ratio, k is the swelling index, and the superimposed dot denotes the time diŠerentiation.
Overconsolidation Boundary Surface
The overconsolidated boundary surface separates the normally consolidated (NC) region, fbAE0, from the overconsolidated (OC) region, f b º0, as follows:
where hij * is the stress ratio tensor (hij *＝S ij/s? m). (0) denotes the state at the end of the consolidation, in other words, the initial state before the shear tests. M * m is the value of h*＝ hij *h ij * when the volumetric strain increment changes from negative to positive dilatancy, which is equal to ratio M f * at the critical state. s? mb is the strainhardening parameter, which controls the size of the boundary surface. The suction eŠect is introduced into the value of s? mb as
where e vp kk is the viscoplastic volumetric strain, P c is the present suction value, P c i is a reference suction, and SI denotes the increase in yield stress when suction increases from zero to reference value P c i . Sd controls the rate of increase or decrease in s? mb with suction, and s? ma is a strainsoftening parameter used to describe the degradation caused by structural changes, namely, 
Static Yield Function
To describe the mechanical behavior of the soil at its static equilibrium state, a Cam-clay type of static yield function was assumed.
＝0
( 3 7 ) where Ã M * is supposed to be constant in the NC region and varies with the current stress in the OC region (Kimoto and Oka, 2005) .
The static strain-hardening parameter smy ? (s) controls the size of the static yield surface. As was the case for the overconsolidation boundary surface, the parameter s my ?
varies with the changes in suction as well as with the changes in viscoplastic volumetric strain and structural degradation as
where s myi ? (s) is the initial value for s my ?
.
Viscoplastic Potential Function
The viscoplastic potential function is given by
where s? mp denotes the mean skeleton stress at the intersection of the viscoplastic potential function surface and the s? m axis.
Viscoplastic Fow Rule
Finally, the viscoplastic stretching tensor is based on a Perzyna's type of viscoplastic theory and is given as
where the symbol〈 〉is deˆned as
in which F1 denotes a material function for rate sensitivity. Herein, the value of fy is assumed to be positive for any stress state in this model. In other words, the stress state always exists outside of the static yield function, so that viscoplastic deformation always occurs. Based on the experimental results of constant strain-rate triaxial tests, material function F1 is deˆned by an exponential function (Kimoto and Oka, 2005) .
where m? is the viscoplastic parameter that controls rate sensitivity, and viscoplastic parameter Cijkl is a fourth rank isotropic tensor given by
where a and b are material parameters, related to deviatoric component C1 and volumetric component C2 of the viscoplastic parameter.
Soil-water Characteristic Curve
where u is the volumetric water content, us is the volumetric water content in the saturated state, which is equal to porosity n, and ur is the residual volumetric water content retained by the soil at a large value of suction head which is a disconnected pendular water meniscus. For relatively large and uniform sand particles, such as those of Toyoura sand, ur becomes zero which is equal to common saturation. In order to determine the soil-water characteristics, eŠective saturation Se can be related to negative pressure head c through the following relation:
where a is a scaling parameter which has the dimensions of the inverse of c, and n? and m determine the shape of the soil-water characteristic curve. The relation between n? and m leads to an S-shaped type of soil-water characteristic curve, namely,
In the present analysis, we follow the Guide for Structural Investigations of River Embankments (2002), and set a ＝0.2 and n?＝1.48. Speciˆc water content C, used in Eq. (29), can be calculated as Applying the above-mentioned relations, we can describe the unsaturated seepage characteristics. In the analysis, the unsaturated region is treated in the following manner. In the embankment, the initial suction, i.e., 
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487 SEEPAGE-DEFORMATION COUPLED ANALYSIS the initial negative pore water pressure, is assumed to be constant. Below the water level, the pore water pressure is given by the hydrostatic pressure. In the transition region between the water level and the constant-suction region, we assumed the pore water pressure to be linearly interpolated, as shown in Fig. 1 . When the pressure head is negative, the increase in soil modulus, due to suction, is considered. The eŠective saturation and the saturation are calculated with Eqs. (44) and (45) using the negative pressure head, i.e., suction. Applying the obtained eŠective saturation, speciˆc water content C is then calculated by Eq. (47) and speciˆc permeability kr is calculated by Eq. (48).
NUMERICAL RESULTS
Analysis Method
Weak forms of the governing equations were discretized in space and solved by theˆnite element method. In this formulation, an updated Lagrangian method with the objective Jaumann rate of Cauchy stress was adopted. The tangent modulus method was used for the time discretization of the constitutive equations ( . The independent variables are the pore water pressure, the pore air pressure, and the nodal velocity. In theˆnite element formulation, an eight-node quadrilateral element with a reduced Gaussian integration is used for displacement, and four nodes are used for the pore water pressure and the pore air pressure. The procedure of theˆnite element method for three phase media can be found in the paper by the authors (e.g., Kimoto et al., 2010) . Figure 2 shows the model of the river embankment, thê nite element mesh, and the boundary conditions used in the analysis. The boundaries of the embankment are dened as follows. The boundaries that have contact with water and/or air are drainage boundaries if the pore ‰uid pressure is positive, but the boundary between the embankment and the air is assumed to be a no-water-‰ow boundary if the pore ‰uid pressure is negative to avoid theˆctitious water ‰ow-in. These boundary conditions are called``‰ow-controlled boundary''. The soil parameters for DL clay are used since silty clay is one of the material of river embankment; they are listed in Table  1 . Table 2 shows the parameters for the soil-water characteristic curve and the initial stress analysis. The water level of the river increases for 18 hours and then remains constant, as shown in Fig. 3 . Figure 4 shows the distribution of saturation at diŠerent times. The phreatic surface proceeds from the river side to the land side of the embankment. Figures 5 and 6 indicate the distributions of the pore water pressure and the mean skeleton stress, respectively, during the seepage ‰ow. The pore water pressure increases with the advancement of the seepage surface. Correspondingly, the mean skeleton stress decreases with the advancement of seepage. Figure 7 presents seepage ‰ow. The accumulated viscoplastic shear strain is an indicator of the inelastic deformation history. From thisˆgure, the strain develops near the surface of the slope on the river side of the embankment in an early stage of the seepage ‰ow. Then, larger strain of more than 1z occurs at the toe of the embankment on the land side of the levee. Figure 8 indicates the development of the air pressure with time. The magnitude of the air pressure is relatively small, but well simulated in the analysis. Figure 9 shows the distribution of the horizontal local hydraulic gradient. In this simulation, the maximum value of 1.26 was reached inside the embankment on the river side after 18 hours. After 250 hours, the maximum value of 0.66 for the horizontal gradient is observed at the toe of the embankment. Figures 10(a) and (b) indicate the relationship between the horizontal hydraulic gradient at the toe of the embankment and time, and the accumulated viscoplastic shear strain-time proˆle. From thesê gures, it is seen that at the same time of 25 hours, the rates of the horizontal hydraulic gradient and the accumulated viscoplastic shear strain increased, and that the maximum increasing rates of the horizontal hydraulic gradient and the accumulated viscoplastic shear strain occured at a time of 75 hours. This indicates that the increase of accumulated viscoplastic shear strain cor- responds to the increase of the hydraulic gradient. According to the Japanese design guide for river levees (2002), levees become unstable if the horizontal hydraulic gradient is more than 0.5. It is worth noting that the numerically calculated value for a gradient of 0.66 is larger than the critical value for that given in the design guide. This larger value for the local hydraulic gradient is consistent with the large accumulated strain at the toe of the embankment. Figure 11 (a) shows the time proˆles for the stresses and the pore water pressure, while Fig. 11(b) shows the stress path in the center of the embankment. In the early stage of seepage, the horizontal skeleton stress increases due to the increase in the river water level and then decreases with time. The vertical skeleton stress remained almost constant for theˆrst 25 hours and then decreased with time. On the other hand, the pore water pressure remains almost constant, and then increases after 25 hours, and nally becomes constant with time. This time 25 hours corresponds to the increase of hydraulic gradient and accumulated viscoplastic shear strain shown in Fig. 10 , as mentioned above. In the early stage of the seepage ‰ow, namely, during the increase in the river water level, shear stress 2J2 decreased with an increase in mean skeleton stress and then the mean skeleton stress decreased with the almost constant shear stress. From the numerical results, it is interesting to note that the large horizontal hydraulic gradient corresponded to the development of the large strain. By the proposed method, we can evaluate 
Deformation during the Seepage Flow
Deformation during the Over‰ow
The water level-time proˆle of the river is indicated in Fig. 12 , in which the over‰ow depth reaches its maximum value, 0.305 m, after 18 hours. After that, the water level remains constant. In order to include the eŠect of over‰ow in the seepage-deformation coupled analysis, we applied the impingement pressure acting on the slope of the embankment. The impingement pressure was calculated by the MPS (Moving Particle Semi-implicit) method Oka, 1996, 2001; Gotoh et al., 2005) . In the MPS method, the ‰uid is modeled as an assembly of water particles, and the motion of the ‰uid is calculated through the interactions with neighboring particles. The governing equations include the Navier-Stokes equation and the continuity equation, and these equations are discretized by using diŠerential operator models, such as gradient and Laplacian operators with a kernel function. One of the authors, Gotoh et al. (2008) developed a particle computational method based on the MPS method and well simulated the overtopping ‰ow of a rigid embankment considering the friction between the slope of the embankment and water ‰ow. In the present study we have used the same method for the case with the over‰ow depth of 30.5 cm and obtained the impingement pressure acting on the slope of the embankment. Figure 13 illustrates the over‰owing of water calculated by the MPS method using a rigid model with the same shape as the embankment. The characteristics of the water ‰ow are that the maximum level of pressure develops at the toe of the river embankment. This means that the distribution of water pressure, due to the over‰ow, is not constant. This type of distribution of water pressure along the slope is very similar to that in the experimental results by Suga et al. (1984) . The calculated impact pressure vertical to the slope has been used as the input water pressure at the surface of the embankment, as shown in Fig. 14 .
In order to study the eŠect of the over‰ow time, we have performed simulations for two cases; Case 1 and Case 2 indicated in Table 3 ; in Case 1 the over‰owing time is 3 hours shown in Fig. 12 (b) and in Case 2 over‰ow continued until the end of the calculation 134 hours in order to study the eŠect of over‰ow time shown in Fig.  12(c) . During the over‰ow, the impingement water pressure shown in Fig. 14 was acting on the slope. The distribution of saturation for Case 1 is illustrated in Fig. 15 .
The water level of the river reaches the crown of the embankment and then the maximum value. After 18 hours, the water ‰ows over the embankment and onto the land side of the embankment. After 21 hours, thisˆgure illustrates that the water ‰ows in from the land side of the river embankment, due to the over‰ow, and then the saturation tentatively decreases due to the out‰ow of the air ( see after 30 hours) near the surface of the slope on the land side of the river embankment. Figure 16 shows the distribution of the accumulated viscoplastic deviatoric strain for Case 1. The large deformation occurs near the slope surface on the river side of the embankment after 18 hours. Then, the viscoplastic shear strain then increases on the slope surface on the land side of the embankment at a time of 100 hours , and then large localized strain develops at the toe of the embankment on the land side. Finally at a time of 211 hours, large strain develops at the toe of the embankment and the calculation has diverged at a time of 212 hours. Comparing theseˆgures with Fig. 7 , it is found that the large strain develops more rapidly in the case with over‰ow, namely, we can say that the embankment becomes unstable more rapidly. The horizontal hydraulic gradient at the toe of the embankment and the accumulated viscoplastic shear straintime proˆle at the element 156 where maximum shear strain has occurred for Case 1 are illustrated in Figs. 17(a) and (b). It is seen that the horizontal hydraulic gradients suddenly decreases with the onset of over‰ow, i.e., at a time of 18 hours and then increases and reaches about 0.5 after 25 hours, and then it decreases due to the out‰ow of the air, andˆnally it reaches about 1.0. Figure 18 indicates the distribution of the accumulated viscoplastic deviatoric strain for Case 2 in which the duration of over‰ow is very long, i.e., the over‰ow occurs until the end of calculation. In this case, it is interesting that the progressive strain localization starts from the toe of the embankment on the land side and the deformation mode for Case 2 is similar to the shear band mode at a depth of about 1 m along the slope. 
CONCLUSION
Two-dimensional numerical deformation analyses of a river embankment under seepage conditions were conducted based on the mixture theory. In the modeling of the unsaturated soil, we adopted the skeleton stress and suction as the stress variables. The use of skeleton stress is consistent with the deˆnition for partial stress in the mixture theory. In the analysis, we adopted theˆnite element method with an updated Lagrangian scheme. For the constitutive model for soil, we used the viscoplastic model capable of taking degradation into account. We numerically analyzed the deformation-seepage coupled behavior of the river embankment with and without over‰ow. In the case with over‰ow, we used the additional pore pressure that is calculated by the MPS method for the rigid embankment along the slope on the land side. Using the proposed seepage-deformation coupled threephase analysis method, we were able to predict the behavior of levees during the increase in the river water level with the over‰ow of river water. The numerical results indicate that a large value for the horizontal hydraulic gradient corresponds to a large deformation at the toe of the embankment. In addition, the over‰ow causes the river embankments to become unstable and the long over‰owing induces slip-like strain localization along the river embankment. From the numerical results, it was found that seepage-deformation coupled behavior can be simulated with the proposed method. In the future, we need the study of the validation of the numerical model using the experimental and measured results and for other type of soils such as sandy soil the further research is necessary.
